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SEMI-LOCAL INVARIANTS FOR NON RESONANT POISSON
STRUCTURES ON S1×Rn.
OLIVIER BRAHIC JEAN-PAUL DUFOUR.
Abstrat. The loal study of a Poisson struture near a generi isolated
zero has been the subjet of many works. The purpose of this paper is to give
a semi-loal study along generi losed urves of suh zeros: we formally
lassify Poisson strutures dened in a neighborhood of Γ= S1×{0} in S1×Rn,
that vanish on Γ, and whose linear approximation at one point m of Γ is
isomorphi to the dual of a non-resonant Lie algebra.
1. Introdution.
Let Π be a Poisson struture on some manifold M , vanishing at a point m ∈M .
Denote DωΠ the modular vetor eld ([W2℄) with respet to some density ω, and
suppose that DωΠ doesn't vanish at m; this requirement is independent of the
hosen density, and fores the Poisson struture to vanish all along the orbit Γ of
DωΠ through m, thus Γ is a whole urve of singularities for Π. In this paper, we
are interested in desribing generi Poisson struture in the neighborhood of suh
Γ, when it is supposed to be losed, that is Γ = S1. Also we will onsider that Π is
dened on a neighborhood of Γ = S1×{0} in S1×Rn parametrized by (θ, x1, . . . , xn),
and that Π is zero on Γ.
The rst invariant attahed to this situation is the period c of this orbit Γ: it
doesn't depend on the hosen density beause Π vanishes on it. Reall that this
is one of the invariants used by O. Radko ([R℄) to lassify Poisson strutures on
surfaes.
The seond thing we have to do is to take are of the linear part of Π at the
points of Γ. If we hoose loal oordinates (x˜0, x˜1, . . . , x˜n) vanishing at m, and suh
that DωΠ is
∂
∂x˜0
, this linearized Poisson struture satises relations:
{x˜0, x˜i} =
∑n
j=1 ai,j x˜j
{x˜r, x˜i} =
∑n
j=1 c
j
r,ix˜j ,
for r and i varying from 1 to n. This means that it orresponds to a Lie algebra
(see [W1℄) whih is a semi-diret produt of R with a n-dimensional Lie algebra A.
In the sequel we will denote by D the derivation of A under whih R ats on A: in
the above oordinates, it has the matrix with oeients ai,j . We see also that, up
to a linear isomorphism, this Lie algebra doesn't depend on the point m hosen on
Γ as DωΠ is an innitesimal isomorphism. So this isomorphism lass of Lie algebra
is the seond invariant we an attah to our situation.
The generi ondition we will impose on Π in the sequel, is that there are no res-
onane relation between the eigenvalues λ1, . . . , λn of D; by this we mean preisely
that there are no relations
λi = p1λ1 + · · ·+ pnλn,
1
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λi + λj = p1λ1 + · · ·+ pnλn
for every i and j, (i 6= j), where (p1, . . . , pn) is a multi-index with non-negatives pk
and
∑n
k=1 pk ≥ 2, exept trivial relations λi + λj = λi + λj . In partiular, these
eigenvalues are distint, and D is diagonalizable. It is then easy to verify that,
in the omplex ase, the brakets of suh linear Poisson strutures, so alled non
resonant, and denoted (Cn+1)∗(λ1...λn), an always be written as:
{ei, ej} = 0, i, j = 1...n
{e0, ei} = λiei, i = 1...n,
(the derivation D is just {e0,−}) so that A has to be ommutative.
Note that two suh Lie algebras (Cn+1)∗(λ1...λn) and (C
n+1)∗(λ′
1
...λ′n)
are isomorphi
if and only if λi = dλ
′
i , up to a re-indexation of the λi 's, and for d ∈ C (see the
proof of lemma 2.1). Also, in terms of lassiation of Lie algebras, the λi 's should
be seen as a set dened up to multipliation by a salar of all its elements.
In [D-Z℄ there is a loal study of this situation (in the real and omplex ases):
it appears there that the Poisson struture is, at least formally, quadratizable,
i.e. we an nd oordinates suh that our Poisson struture has only linear and
quadrati terms. In this paper we will show that this is also true in a neighborhood
of the whole urve Γ. Moreover we will desribe all the invariants attahed to the
isomorphism lass of the germ of Π along Γ. However, in order to simplify the study,
we will restrit ourselves to the ase where the eigenvalues λi are all real. In
that ase the Lie algebra has the above form but in real oordinates; it will be then
denoted by (Rn+1)∗(λ′
1
...λ′n)
.
In the analyti ontext, we will need an extra assumption on these eigenvalues :
we will suppose that they verify Bruno's ondition, that is : if I denote the set of all
mutli-indexes (ci)i=1...n ∈ Z
n
suh that ci ≤ −1, ∀i = 1 . . . n and
∑
i=1...n ciλi 6= 0,
one puts :
(1.1) ωk = min{|
n∑
i=1
ciλi|; (ci) ∈ I,
n∑
i=1
ci < 2
k},
Imposong Bruno's ondition is requiring that
∑∞
k=1
1
2 log
1
ωk
< ∞, it is a standard
ondition for assuring analyti onvergene of formal series.
It is willingly that we didn't preise if Π was supposed to be smooth or analyti,
next setion is valid for the smooth ase, and also, under Bruno's ondition, in the
analyti ase (of ourse, at terms o∞(x) will have to be omitted in the analyti
ase).
2. The normal form.
In this setion, we give several lemmas, that will, step by step, lead to a nor-
mal form for Π in a neighborhood of Γ, with underlying preoupation to obtain
oordinates that are global with respet to θ ∈ S1.
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Lemma 2.1. The brakets indued by Π, an, in a neighborhood of Γ, be written
as:
{xi, xj} = o2(x), i, j = 1 . . . n
{θ, xi} =
n∑
j=1
hi,jxj + o2(x) i = 1 . . . n,
where hi,j are smooth funtions on S
1
, o2(x) denote smooth funtions on S
1 × Rn
and of order two in the variables x1, . . . , xn , and the matrix Hθ = (hi,j(θ))i,j=1...n
has eigenvalues {k(θ)λi/i = 1 . . . n} for some k : S
1 7−→ R.
Proof. Π vanishes on Γ = {xi = 0 ; i = 1 . . . n}, so that we an write the brakets
as:
{xi, xj} =
∑
k=1...n
ui,jk (θ)xk + o2(x), i, j = 1 . . . n
{θ, xi} =
∑
j=1...n
hi,j(θ)xj + o2(x), i = 1 . . . n.
In fat the lemma is just a onsequene of the fat that two semi-diret produts
of Lie algebras R L⊲< R
n
and R L′⊲< R
n
are isomorphi if and only if L and L′ are
onjugated up to a salar, but let 's see this in detail.
Let θ0 ∈ S
1
xed, denote Π
(1)
θ0
the linear approximation of Π at (θ0, 0, . . . , 0),
aording to the introdution, it is isomorphi to the dual of a Lie algebra with
ommutative derived ideal , so all ui,jk (θ) must be zero.
Now, let Ψθ0: (R
3)∗(λ1...λn) 7−→ Π
(1)
θ0
a Poisson isomorphism, and
Ψ˜θ0 =


k v1 . . . vn
w1
.
.
. Ψi,j
wn


the assoiated matrix; (Ψθ0)
∗
being a Lie algebra isomorphism, it respets derived
ideals, and (w1, . . . , wn) must be zero.
Then we see that det(Ψθ0) = k. det (ψi,j)i,j , in partiular k 6= 0 and (Ψi,j)i,j is
invertible.
At that point, the onditions for Ψθ0 to be Poisson are:∑
k=1,...,n
hi,kψk,j = k.ψi,jλi, i, j = 1 . . . n,
and we see that these relations an be written as:
Hθ0 . (ψi,j) = (ψi,j) .


k.λn
.
.
.
k.λn

 .
So the result. 
Lemma 2.2. Up to a overing, and in a well-tted oordinate hart, the brakets
indued by Π an be written in a neighborhood of Γ as:
{xi, xj} = o2(x)
{θ, xi} = k(θ)λi + o2(x) ∀i = 1 . . . n,
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where k ∈ C∞(S1).
Proof. For any θ ∈ S1, Hθ has distint eigenvalues {k(θ)λi ; i = 1 . . . n} so k
is smooth, and, if we denote Eλi the assoiated harateristi spaes, they are
supplementary subvetorbundles of S1 × Rn 7−→ S1, so that eah of them is either
trivial, or dieomorphi to the Moebius band M .
The overing
C : S1 × Rn 7−→ S1 × Rn
(θ˜, x˜) 7−→ (2θ˜, x˜),
indues on the soure spae a Poisson struture Π˜ for whih the assoiated hara-
teristi bundles E
λ˜i
are all trivial. As the topology of these subbundles is invariant
by Poisson isomorphisms, it is lear that two germs of Poisson strutures Π and Π′
on S1×Rn are isomorphi if and only eah Eλi is dieomorphi to one of the Eλ′i
's
and Π˜ is Poisson isomorphi to Π˜′.
Also, up to a overing, Eλi is trivial for any i. Then the hoie of non vanish-
ing smooth setions for eah of them denes a linear hange of oordinates that
diagonalizes the matrix Hθ. 
Remark 2.3. Of ourse, Poisson strutures on S1×Rn admitting non trivial hara-
teristi subbundles do exist, the basi exemple on S1×R2 is given by the following
brakets:
{x1, x2} =
x21
2 (λcos
2 θ
2 + µsin
2 θ
2 ) +
x22
2 (λsin
2 θ
2 + µcos
2 θ
2 ) + x1x2(µ− λ)cos
θ
2sin
θ
2
{θ, x1} = x1(λcos
2 θ
2 + µsin
2 θ
2 ) + x2(µ− λ)cos
θ
2sin
θ
2
{θ, x2} = x1(µ− λ)cos
θ
2sin
θ
2 + x2(λsin
2 θ
2 + µcos
2 θ
2 ).
Here, it is interesting to notie how these brakets simplify when λ = µ = 1.
Lemma 2.4. By re-parametrizing S1, one an put the brakets under the following
form:
{xi, xj} = o2(x)
{θ, xi} = µixi + o2(x), i = 1 . . . n,
Proof. The formula
χ(θ) =
2π∫ 2pi
0
k(t)dt
∫ θ
0
k−1(t)dt
denes a dieomorphism S1 7−→ S1 that gives the announed re-parametrization.

Lemma 2.5. There exists a oordinate hart, dened on a neighborhood of Γ, in
whih the brakets express as:
{xi, xj} = o2(x)
{θ, xi} = µixi, i = 1 . . . n.
Proof. Let Xθ the hamiltonian vetor eld assoiated to the (multi-)funtion θ:
Xθ =
∑
i=1...n
(µixi + pi)
∂
∂xi
,
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where pi are o2(x). This vetor eld turns out to be linearisable, onsidered as a
vetor eld in the variables x with parameter θ: there is a family of loal dieo-
morphisms φθ, depending smoothly on θ, suh that
φθ∗Xθ =
∑
i=1...n
µixi
∂
∂xi
for every θ.Moreover we an hoose φθ 1-periodi in θ. So the hange of oordinates
(x, θ) 7→ (φθ(x), θ) gives the result. 
Remark 2.6. Let us give an idea of how to prove that Xθ is linearisable: rst notie
that a dieomorphism φθ = (φ
1
θ , . . . , φ
n
θ ) linearises Xθ if and only if
LXθφ
i
θ = µiφ
i
θ ∀i = 1 . . . n, ∀θ ∈ S
1.
The rst step onsists in proving the result formally: write Xθ as
Xθ = X
(1)
θ +X
(r)
θ + or(x),
with X
(1)
θ , X
(r)
θ and or(x) denoting respetively the terms of order 1, of order r > 1
and of order higher than r in the xi's variables, and show the existene of a formal
dieomorphism φθ = Id+
∑
i∈N φ
(r)
θ by indution on r, using non-resonnane on-
ditions. Then, under Bruno's ondition, one an show that the series φθ onverge,
getting the result in the analyti ontext. In the smooth ase, one an proeed as in
[RS] : what preeeds, leads us to the form Xθ = X
(1)
θ +o∞(x) where o∞(x) denotes
a vetor eld at at 0 ∈ Rn for all θ ∈ S1, it is then possible to eliminate these at
terms by diret integration, atness assuring the onvergene of this integral.
Lemma 2.7. A last hange of oordinates leads to the following brakets:
{xi, xj} = ai,jxixj + o∞(x), i, j = 1 . . . n
{θ, xi} = µixi, i = 1 . . . n.
Proof. Let ui,j = {xi, xj}, Jaobi's identity
∮
θ,xi,xj
{θ, {xi, xj}} = 0 is now just:
(µi + µj)ui,j = Xθ(ui,j).
First notie that u0i,j = xixj is a partiular solution of this equation, and that ui,j
being another solution, writing it as ui,j = wi,jxixj , wi,j has to be a rst integral
of Xθ.
Now, beause of the dynami of this vetor eld , the restrition (wi,j)|
⋃
Eµi
only
depends on θ so wi,j = ki,j(θ) + τi,j , where τi,j is at on Γ (notie that if all the
µi 's have the same sign, then τi,j is neessarily zero beause it is a rst integral of
Xθ).
Writing the terms of order one in Jaobi's identity
∮
x1,xi,xj
{x1, {xi , xj}} = 0
with k1,i and k1,j independent of θ implies that ki,j is independent of θ too, so
we only have to nd a hange of oordinates making k1,i independent of θ for any
i = 1 . . . n. This dieomorphism an be dened by:
(θ, x1, . . . , xn) 7−→ (θ, x1, χ2x2, . . . , χnxn),
where
χj(θ) = e
1
λ1
∫
θ
0
(k1,j(t)−k1,j)dt
with k1,j =
1
2pi
∫ 2pi
0
k1,j(t)dt for any j = 2 . . . n. 
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Remark 2.8. In the smooth ontext, when n = 2, it is still possible to improve this
result by eliminating at terms, the proof is rather tehnial and spei to the
ase n = 2, it an be found in [Br].
Remark 2.9. In the ase n = 1 the normal form redues to
π = cx
∂
∂θ
∧
∂
∂x
and we obtain, as a partiular ase, the form given in [R℄.
In the ase n = 2 we an obtain a slightly better result: the (analyti and
smooth) normal form is
π =
∂
∂θ
∧ (µ1x1
∂
∂x1
+ µ2x2
∂
∂x2
) + ax1x2
∂
∂x1
∧
∂
∂x2
where a, and µ1, µ2 are real onstants.
3. Geometri signifiane of the parameters.
In that setion we will see that the parameters µi and ai,j , whih appear in
the above normal form, are invariants of the Poisson struture (by this we mean
that two equivalent suh Poisson strutures must have normal forms with the same
µi's and ai,j 's) and give them a geometrial interpretation. The sum of the µi's
gives the period c of the modular vetor eld along the singular urve, the n-tuple
(µ1, . . . , µn) araterises, up to a multipliative onstant, the linear approximation
of Π along Γ, nally the µi's and ai,j 's measure the (non Poisson) holonomy of the
sympleti foliation when we move along this singular urve.
• Period of the rotational and linear approximation along Γ
The modular vetor eld (see [W1℄) DωΠ of Π with respet to the volume form
ω = dθ∧dx1∧· · ·∧dxn (oordinates of the normal form) has the following expression:
DωΠ = (
∑
i=1...n
µi + o1(x))
∂
∂θ
+ o2(x).
As DωΠ is dened up to hamiltonian vetor elds, its restrition to Γ depends only
on Π, but 2π/
∑
i=1...n µi appears to be the period of its ow on Γ. So, as we have
remarked in the introdution, it is an invariant of the Poisson struture.
We have seen that, at a purely linear level, the set {µ1, . . . , µn} was dened up
to a multipliative onstant. Beause the linear part of the Poisson struture along
the singular urve is (up isomorphism) an invariant this set, up to multipliation
by a onstant, is also an invariant. If we use the preeding result we obtain that the
µi themselves are invariants. We reall that, in the loal study ([DZ℄) the µi are
only invariant up to multipliation by a onstant. Also this loal study shows that
the µi (up to multipliation by a onstant) measure the way the sympleti leaves
behave on a transversal to the singular urve: the traes of these leaves on suh
a transversal give a gure dieomorphi to the phase portrait of the linear vetor
eld
∑
i=1...n µixi∂/∂xi.
• The sympleti foliation
Before showing how the ai,j 's are involved in the sympleti foliation of Π, let
us show that they are Poisson invariants : onsider two Poisson strutures Π and
Π′ on a neighborhood of Γ, and Φ a Poisson isomorphism from Π to Π′ . Put Π
and Π′ under normal form, as the µi 's are Poisson invariants, we an suppose that
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µi = µ
′
i for any i = 1 . . . n. Then, writing down the equations for Φ to be Poisson,
we get, with evident notations, ∀i, j = 1...n:∑n
k=1 µkxk(
∂Φ0
∂θ
∂Φi
∂xk
− ∂Φ0
∂xk
∂Φi
∂θ
) +
∑n
k,l=1 ak,lxkxl(
∂Φ0
∂xk
∂Φi
∂xl
) = µiΦi (I)i∑n
k=1 µkxk(
∂Φi
∂θ
∂Φj
∂xk
− ∂Φi
∂xk
∂Φj
∂θ
) +
∑n
k,l=1 ak,lxkxl
∂Φ
∂xk
∂Φ
∂xl
= a′i,jΦiΦj (II)i,j .
Dierentiating equation (I)i with respet to θ, and evaluating it onto Γ, we obtain:
∂Φi
∂θ
(θ, 0, 0) = 0 ∀θ ∈ S1.
Dierentiating it with respet to xj , and evaluating it onto Γ, we get:
µj(
∂Φ0
∂θ
∂Φi
∂xj
−
∂Φ0
∂xj
∂Φj
∂θ
)(θ, 0, 0) = µi
∂Φi
∂xj
(θ, 0, 0) ∀θ ∈ S1.
But Φ|Γ must exhange modular vetor elds, so Φ1(θ, 0, 0) = θ + constant and
this equation beomes:
∂Φi
∂xj
(θ, 0, 0) = 0 ∀θ ∈ S1.
In onlusion, we an write Φ as:
Φ0 = θ + o2(x)
Φi = ui(θ)xi + o2(x) ∀i = 1...n
And in (II)i,j , the terms of order two in the xi's variables give the relation:
∂
∂θ
(µj ln |ui | +µi ln |uj |) = ai,j − a
′
i,j
Here, the left side is the derivative of a funtion dened on S1, so its integral over
S1 is zero, and ai,j = a
′
i,j .
Let us now desribe the sympleti foliation of Π, from on (in the smooth ase),
it will be supposed that no at terms appear in the normal form, in other words,
we suppose that
Π = ∂θ ∧
( ∑
i=1...n
µixi∂xi
)
+
∑
1≤i<j≤n
ai,jxixj∂xi ∧ ∂xj .
We will only desribe the sympleti foliation on the open set P+ := {(θ, x) ∈
S1 × Rn/xi > 0, ∀i = 1 . . . n}, however, the following reasonning allows to desribe
it entirely: indeed if, for any subset I ⊂ {1, . . . , n} we denote PI = {(θ, x) ∈
S1 × Rn/xi = 0, ∀i /∈ I}, one easily sees that PI is a Poisson submanifold of
the presently studied type (that ontains itself Poisson sumbmanifolds PJ with
J ⊂ I), so we an apply what follows to P+I := {(θ, x) ∈ S
1 × Rn/xi = 0, ∀i /∈
I, xi > 0 else}. Moreover, it will appear learly that P
+
is one of the onneted
omponant of the regular open set of Π −all these omponent being isomorphi
as the reexions (θ, x1, . . . , xi, . . . , xn) 7−→ (θ, x1, . . . ,−xi, . . . , xn) are Poisson−
and that the omplement of this regular set is preisely omposed by the PI for
I ⊂ {1 . . . n}, I 6= {1 . . . n}.
To put the foliation indued by Π on P+ in evidene, one rst apply the dieo-
morphism
L : P+ 7−→ S1 × Rn
(θ, x1, . . . , xn) 7−→ (θ, ln x1, . . . , lnxn),
as
{θ, lnxi} = µi{lnxi, lnxj} = ai,j ,
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in the indued oordinates (that we shall denote by (θ,x) = (θ, x1, . . . , xn) =
(θ, lnx1, . . . , lnxn)), the matrix (Πi,j) of the brakets has onstant oeents:
(Πi,j) =


0 −µ1 . . . −µn
µ1
.
.
. (ai,j)
µn

 .
Denote µ the vetor (µ1, . . . , µn) and 2s the rank of the matrix (ai,j), the theorem
of spetral deomposition for anti-autoadjoint operators assures the existene of
a linear isomorphism φ : Rn 7−→ Rn, whose matrix will be denoted (φi,j) that
onjugates (ai,j) to a matrix of the following type

(
0 −1
1 0
)
O O
.
.
.
.
.
.
O
(
0 −1
1 0
)
O
O . . . O


0 . . . 0
.
.
.
.
.
.
0 . . . 0




.
Moreover, if µ belongs to à Im(ai,j), one an hoose µ as an element of the basis
for whih (ai,j) takes that form, this inites us to distinguish two ases :
1st ase: if µ ∈ Im(ai,j)
Chosing φ as desribed below, the dieomorphism (θ,x) 7−→ (θ, φ(x)) onjugates
(Πi,j) to the following matrix:

0 0 −1 . . . 0
0
1
(
0 −1
1 0
)
O
.
.
.
.
.
.
.
.
. O
(
0 −1
1 0
)
0 . . . 0


0 . . . 0
.
.
.
.
.
.
0 . . . 0




.
Here, the null matrix, in the lower right orner is of order n− 2s.
Denote (θ, q1, p1, . . . , qs, ps, x˜2s+1, . . . , x˜n) the oordinates indued by φ ◦ L, the
foliation is then spanned by ∂θ+∂q1, ∂p1, ∂q2, ∂p2, . . . ∂qs, ∂ps, so that this foliation
is not parallel to S1 × {0}, letting a holonomy phenomenon appear along Γ. The
set of leaves an be parametrised by (q1, x˜2s+1, . . . , x˜n) ∈ [0, 2π[×R
n−2s
.
Moreover, if F(q1,x˜2s+1,...,x˜n) denotes the leaf through the point (0, q1, 0, . . . , 0, x˜2s+1, . . . , x˜n) ∈
S1 × Rn, then F(q1,xˆ2s+1,...,xˆn) is parametrised by (t1, . . . , t2s):
F(q1,x˜2s+1,...,x˜n) = {(t1, q1+t1, t2, t3, . . . , t2s, x˜2s+1, . . . , x˜n) ∈ S
1×Rn/t1 . . . t2s ∈ R},
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In the oordinates of the normal form, it appears that the leaf F(x1,...,xn) through
the point (0, x1, . . . , xn) admits the following parametrisation:
F(x1,...,xn) = {(t1, (xie
∑
j=1...2s ψi,jtj )i=1...n) ∈ P
+/t1 . . . t2s ∈ R},
where (ψi,j) denotes the inverse matrix of (φi,j).
2nd ase: if µ /∈ Im(ai,j)
We follow the same reasoning: L dénit a hart on P+ in whih the matrix (Πi,j)
an be onjugated by a linear isomorphism φ to the following

0 0 0 . . . −1 . . .
.
.
.
(
0 −1
1 0
)
O
.
.
.
.
.
.
.
.
. O
(
0 −1
1 0
)
1
.
.
.
0 . . . 0


0 . . . 0
.
.
.
.
.
.
0 . . . 0




.
In the oordinates indued by φ◦L , that we shall denote by (θ, q1, p1, . . . , qs, ps, x˜2s+1, . . . , x˜n),
the foliation is spanned by ∂θ, ∂q1, ∂p1, ∂q2, ∂p2, . . . , ∂qs, ∂ps, ∂x˜2s+1, so it is paral-
lel to S1 × {0} and there is no holonomy in that ase.
Let us denote F(x˜2s+2,...,x˜n) the leaf through the point (0, 0, . . . , 0, x˜2s+2, . . . , x˜n) ∈
S1 × Rn, we get:
F(x˜2s+2,...,x˜n) = {(e
it0 , t1, . . . , t2s, x˜2s+1 = t2s+1, x˜2s+2, . . . , x˜n) ∈ P
+/t0, . . . , t2s+1 ∈ R}
In the oordinates of the normal form, denote F(x1,...,xn) the leaf through the point
(0, x1, . . . , xn), it admits a parametrisation:
F(x1,...,xn) = {(t0, (xie
∑
j=1...2s+1 ψi,jtj )i=1...n) ∈ P
+/t0 . . . t2s+1 ∈ R},
where (ψi,j) denotes the inverse matrix of (φi,j).
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